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ABSTRACT We show the following facts hold for both regular or sin-

Many statistical models and learning machines which have9Ular statistical models. _ _
hierarchical structures, hidden variables, and grammatical(1) The éxpectation value of WAIC is asymptotically equal

rules are not regular but singular statistical models. In O that of the Bayes generalization error. _
singular models, the log likelihood function can not be (,2) WBIC'S asymptoUcaIIygquwalent to the Bayes marginal
approximated by any quadratic form of a parameter, re- ikeélihood as a random variable. _

sulting that conventional information criteria such as Alc, (3) If @ true distribution is regular for and realizable by
BIC, TIC or DIC can not be used for model evaluation. 2 statistical model, then WAIC is asymptotically equal to
Recently, new information criteria, WAIC and WBIC, were AlCasa randpm_ va_rlab!e. -

proposed based on singular learning theory. They can be4) If a true distribution is regular for a statistical model,
applicable even if a true distribution is singular for or un- then WBIC is asymptotically equal to BIC as a random
realizable by a statistical model. In this paper, we intro- varable.

duce definitions of WAIC and WBIC and discuss their 2. BAYES STATISTICS

fundamental properties.
Let RY be anN-dimensioan| Euclidean spacé(;, Xo,

1. INTRODUCTION ..., X,, be asequence &" -valued random variables which
A statistical model is said to bregular if the map taking ~ are independently subject to the same probability distribu-
parameters to probability distributions is one-to-one and tion asq(z)dx. Hereq(x)dz is referred to as a true distri-
if Fisher information matrix is always positive definite. If bution. We use a notation
otherwise it is calledsingular. Many statistical models
and learning machines which have hierarchical structures,
hidden variables, and grammatical rules are not regular
but singular. For example, artificial neural networks [1,
2], normal mixtures [3], Boltzmann machines [4], hidden
Markov models, Bayesian networks [5, 6], and reduced

X" = (X1, Xa, ..., Xy0).

The expectation values ovefx)dz and X™ are respec-
tively denoted byEx[ ] andE[ ]. The entropy and em-
pirical entropy of a true distribution are respectively given

rank regressions [7] are singular statistical models. by

In singular models, the log likelihood function can not
be approximated by any quadratic form of the parameter, s = - / q(x)log q(z)dx,
resulting that asymptotic normality of the maximum like- n
lihood estimator does not hold. In Bayes estimation, the S, = —- ZIqu(Xz)
posterior distribution can not be approximated by any nor- n--

mal distribution even asymptotically. Hence the average
of AIC [8] or DIC [9] is not equal to that of the general- A set of parameters is denoted By C R¢. A parametric
ization loss, or BIC [10] is not an asymptotic estimator of model and a prior are respectively definedyfy|w) and
the log Bayes marginal likelihood. ©(w). Our purpose is to make an evaluation method of the
Recently, we established singular learning theory [11, pair (p(z|w), ¢(w)) for a given random samples™ with-
12], by which asymptotic properties of both regular and out the regularity condition. The posterior distribution is
singular models can be derived using algebraic geometry.defined by
New information criteria WAIC [13, 14] and WBIC [15] .
were proposed, which are applicable in singular statistical n 1
mode?evgluation. PP ) p(wlX™) = 7= o(w) [[p(Xilw),
In this paper, we introduce singular learning theory,
and explain mathematical properties of WAIC and WBIC. whereZ, is a normalizing constant.

Z,
n i=1
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The expectation value evthe posterior distribution is
denoted byE,,[ ]. Thepredictive distributions defined
by

p(x|X™) = Ey[p(z|w)].

The Bayegyeneralization and training lossese respec-
tively defined by

Gn —Ex[log p(X]X™)],

1
—= logp(X;|X™).
n

i=1

Tn

Then

E[G,] =S +E [/ q(z) log pq(?n)dx] .

(]

Hence the expectation value@fis equal to the sum of the
entropy of the true distribution and the Kullback-Leibler
distance of the true and predictive distributions.

The Bayedfree energyor the Bayesstochastic com-
plexityis defined by

F, =—logZ,.
Then

q(z")
p(z™)

E[F,] =nS + IE[/ q(z™)log d:c”],
whereq(z™) andp(2™) are respectively probability den-
sity functionsof =™ defined by

Hq(:m),
/@(w) Hp(xl|w)dw

The expectation value of;, is equal to the sum of the
entropy of the true distribution and the Kullback-Leibler
distance of the true and estimated distributions. By these
reasons, the generalization eri@y, and the Bayes free
energyF,, are important random variables, which are em-
ployed in statistical model evaluation.

q(z")

p(z")

3. REGULAR CASES

Let us define two conditions.

Definition. (1) If there exists a parametery, € W such
thatg(x) = p(z|wep), then a true distribution(z) is said
to berealizableby a statistical model(z|w). If otherwise
it is called unrealizable.

(2) The log loss functiorL (w) is defined by

L(w)

= —Ex[log p(X|w)].

The set of optimal parameteyg, is defined by

Wo={weW; Irq}}i/nL(w') = L(w)}.
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If W, consists of a single element, and if the Hessian

matrix
82

ow;0w;

Jij = L(wo)

is positive definite, theng(z) is said to beregular for
p(z|w). If otherwise it is callecsingular.

The log likelihood losd.,,(w) is defined by

1 n
—= “logp(X;i|w),
n =1

Ly (w)

The well known information criteria AICDIC, BIC are
respectively defined by

AC = L)+ 2,
n
DIC = Tn+dmc,
n
. d
BIC = nLn(w)+§1ogn.

wherew is the maximum likelihood estimatod is the
dimension of the parameter space, and

dprc = 2n(Ey, [Ln (w)] — Lyp(Ey [w]))

is the effective dimension estimated by DIC. If a true dis-
tribution¢(x) is realizable by and regular fefz|w), then
G, andT,, respectively satisfy

d 1
E[G,] = S+ o —|—0(ﬁ),
d 1

In such a case, AIC and DIf@spectively satisfy

d 1
EAIC] = S+ - +o(>),
EDIC] = S+ - +o(2)
B on O\

Also if a true distribution igealizable by and regular for
a statistical modelF;, and BIC respectively satisfy

F, nS,, + glogn—l—Op(l),

BIC

nSy, + glogn + O,(1).

However, if otherwisesuch equations do not hold.
4. SINGULAR CASES

Many statistical models are not regular but singular. For
example, a normal mixture of € R! for a parameter
(a,b)

p(z]a,b) = (1 —a)N(0,1) + aN (b, 1)

is not a regular model, wher€ (v, 1) is the normal distri-
bution with average and variance one. Figure 1 (1), (2),



. _ ~ ~ Then by definitionK (w) > 0. We assume thai(x|wy)

) (1) a00.5, b0=0 3 () a00.5, b0=0.1 does not depend on the choicewaf € W,. If a true dis-

: tribution is realizable by a statistical model, thefw,) =
S. If otherwiseL(wg) > S. Assume thaf{ (w) is an ana-
lytic function of w but the Hessian matrix ok (w) atwg
IR is not positive definite in general. By using the fundamen-
tal theorem in algebraic geometry, there exists an analytic
mapw = g(u) (w € W, u € R9) such that

d
— \2k;
(3) a0=0.5, b0=0.2 (4) 20=0.5, b0=0.3 K(g(u)) = H(“J) ’
2 2 j=1
. .-- d
1.5 150 e(g)lg' (W) = blw) [T luy|™,
7 P

where{k; } and{h;} are nonnegative integer ant) >
0. This representation of a parameter is cak¢gndard
representationbecause an¥ (w) in both regular and sin-
gular cases can be made to be this form. Téed log
canonical thresholdRLCT) X is defined by

Figure 1. Posterior Distributions \ m‘ﬁn(hj + 1).
j=1 ij

(3), and (4)respectively show posterior distributions for Although such a functionv = g(u) is not unique, we
the cases when the true distributions are given(y) = can prove thah does not depend on the choice of a func-
p(z|ag, by), where tion g, in other words, RLCT is a birational invariant. If
(1) (ao, bo) = (0.5,0), a true distribution is regular for a statistical model, then
(2) (ag, bo) = (0.5,0.1), A = d/2, whereas, if otherwise, it is not equaldg2. In

(3) (a0, bo) = (0.5,0.2), and order to find RLCTs, we need to find the resolution map
(4) (ao, bo) = (0.5,0.3). w = g(u). Itis not so easy, however, RLCTs for several

The number of empirical samples is = 500 whereas statistical models were found [3, 4, 7, 2, 5, 6]. Note that
the number of parameters is two. From the mathemati- €xchange probability in exchange Monte Carlo method is
cal point of view, (1) is singular whereas (2),(3), and (4) determined by RLCT [16].

are regular. However, all posterior distributions can notbe By using RLCT, we can derive the asymptotic form of

approximated by any normal distribution. Sometimes one the posterior distribution [11, 12],

might think that, since the Lebesgue measure of the set A

{(ag,bo) ; p(z|ag,bo) is singular forp(z|a, b)}. (logzo)
A—1

is equal to zero, statistical theory for such parameters is > /0 Pt exp(—t + Vi £a(u)) blu)du,
not necessary in practical model evaluations. However,
such consideration is wrong. The set of singular param-
eters can not be negligible. In statistical model selection 1 & K(g(w) = Ln(g(w) 4+ Ln(wo)
or hypothesis test, we have to determine whether a statis- & (u) = N > -
tical model is redundant compared with a true distribution i=1 K(g(w)
using finite samples. We have to evaluate several models§g 5 well-defined random process which eerges a gaus-
under the condition that they are in almost singular states, g5, process in law, aridu) > 0 is a function ofu. Then,
hence statistical theory for singular cases is necessary ineven if a true distribution is singular for or unrealizable by

where

real-world problems. a statistical model [13, 17],
A 1
5. WAIC AND WBIC E[G,] = L(wo)+ = i O(ﬁ)’
Recently, new statistical theory without the regularity con- A — 2 1
dition was established based on algebraic geometry [12]. E[T.] = L(wo)+ +o(-),
Let wy be a parameter which is containedlin,. We de- E[V,] = 2v+o0(1),

fine a functionk (w) by
wherem is anatural number and > 0 is a birational in-
K(w) = L(w) — L(wy). variant called aingular fluctuation. The random variable
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V,, is defined by
Vi = Z{]Ew [zl(w)Q] —Ey [Zi(w)]2}7

where/; (w) = log p(X;|w). If a true distribution is regu-
lar for a statistical model [17],

1
= —tr(IJ!
v = S,
where
Iij = EX [37 1ogp(X|w0)8] 10gp(X|w0)]

If a true distribution is regular for and realizable by a sta-
tistical model, then = J andv = d/2. If a true dis-
tribution is not regular for a statistical modeljis still an
unknown birational invariant.

Based on this theorem, the widely applicable informa-
tion criterion WAIC was introduced

WAIC =T}, + V,,/n.

Then it follows that
1
E[G,] = E][WAIC] + O(ﬁ)'

If a true distribution is rgular for and realizable by a sta-

tistical model, then WAIC is asymptotically equivalent to
AIC and DIC, whereas, if otherwise, they are not equiva-
lent. It was also proved that, even if a true distribution is
singular for or unrealizable by a statistical model, WAIC

where
1

- logn’
It was also provedl5] that, even if a true distribution is
singular for or unrealizable by a statistical model,

WBIC = nL, (w) + Aogn + O,(1/logn).

If a parity of a statistical modglL5] is odd, then

WBIC = nL,(wo) + Aogn + Op(1).

If a true distribution is regular for and realizable by a sta-
tistical model,

WBIC = BIC + 0,(1).

From the numerical point of view, the conventional method
to calculate Bayes free energy is given by

J /HP(Xi|w)ﬁj<p(w)dw

Fnzleog :7,:1 5

=t [[p(Xilw)® = p(w)dw
i=1

where{$;} is a sequence of manyierse temperatures,
0=F<pr<--<Bs=1

In the conventional method, times Markov chain Monte
Carlo trials are necessary, whereas one trial is used in
WBIC.

Experimental results of WAIC and WBIC are respec-

is equivalent to the Bayes leave-one-out cross valida\tiontwy reported in [13, 14, 18] and [15]. In [14], compari-

as a random variable [14].
For the Bayes free energy, it was proved [11, 12] that

F, nL,(wg) + Alogn

—(m —1)loglogn + Op(1),

)

wherem is the order of the polé—\) of the zeta function

(=) = / K (w)*p(w)dw,

which can be analytically continued to a meromorphioc
function on the entire complex plain and its poles are all
real, negative and rational numbers. The constaX) is
equal to its maximum pole. Henee is a natural num-
ber, which is equal to one if a true distribution is regular

son of WAIC with DIC is also introduced. Evaluation of
WAIC from the statistical point of view is given in [19]. If
atrue distribution is contained in the set of candidate mod-
els, then WBIC is better than WAIC for consistency of sta-
tistical model selection. If a true distribution is not con-
tained in the set of candidate models, then WAIC is useful
to estimate the generalization error. Theoretical compar-
ison of information criteria in both regular and singular
cases is the problem for the future study.

If the variational Bayes learning or the mean field ap-
proximation is applied, the variational Bayes free energy
[20] and variational generalization error [21] are respec-
tively different from the Bayes free energy and Bayes gen-
eralization error. However, by using the importance sam-
pling method, WAIC can be applied using variational Bayes

for a statistical model. In general, RLCT depends on the learning [22].

true distribution, hence we can not directly apply eq.(1)
to the practical problems. To overcome such difficulty we
defined the widely applicable Bayesian information crite-
rion (WBIC) by

n

[ ko) Tt 1w) ol

i=1

WBIC = .
[Tty otw)de

9
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6. CONCLUSION

Two statistical information criteria WAIC and WBIC were
introduced. They are respectively generalized concepts of
AIC and BIC, which can be used even if a true distribution
is singular for or unrealizable by a statistical model.
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