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ABSTRACT

Hierarchical probabilistic models such as a mixture of dis-
tributions and a hidden Markov model are widely used
for unsupervised learning. They consist of the observable
and the latent variables, which represent the observed data
and the underlying data-generating process, respectively.
There are two type of use due to the estimated variable;
the prediction of future/unseen data is the observable-
variable (OV) estimation, and the analysis how the given
data were generated is the latent-variable (LV) estimation.
The asymptotic accuracy of the OV estimation has been
elucidated in many models. On the other hand, the LV es-
timation has not sufficiently been studied. In this talk, the
error function to measure the accuracy of the LV estima-
tion is formulated, and its asymptotic form is derived for
the maximum-likelihood (ML) and the Bayes methods.
The results provide a distribution-based evaluation of the
unsupervised learning, and show that the Bayes method
has the better accuracy than the ML method.

1. INTRODUCTION

Hierarchical probabilistic models such as a mixture of dis-
tributions and a hidden Markov model are widely used for
unsupervised learning tasks. One of representative models
is a mixture of Gaussian distributions in the cluster anal-
ysis; the task is to find clusters in data and each cluster is
approximated by a Gaussian distribution. The hierarchical
model consists of two types of variables: the observable
and the latent variables. The observable variable repre-
sents the observable parts of the given data, and the latent
one does the hidden parts. In the example of the cluster
analysis, the observable variable expresses the data loca-
tion and the latent one corresponds to the label showing
which cluster the data belong to. The unsupervised learn-
ing task is interpreted as estimation of the latent variable
based on the observable one.

The use of the models falls into two ways: prediction
of unseen observable variable and estimation of the latent
variables for the given data, which we refer to as the OV
and the LV estimations, respectively. From the theoretical
point of view, there have been many studies on analysis
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of the accuracy of the OV estimation. The error function
measuring the accuracy is the generalization error and its
asymptotic form has been derived in many models. More-
over, the form is used for selecting optimal structure of the
model [1].

However, the accuracy of the LV estimation has not
been clarified yet. This talk introduces the maximum-
likelihood (ML) and the Bayes methods for the LV estima-
tion. The error function is formulated and its asymptotic
form is derived. Comparing these method, the asymptotic
result shows the advantage of the Bayes method.

2. FORMAL DEFINITIONS OF THE LV
ESTIMATION

This section introduces the definitions of the LV estima-
tion and its accuracy in the ML and the Bayes methods,
which is the main part of the talk and a brief summary of
[2].

Let the observable and hidden parts of data be x ∈
RM and y ∈ {1, . . . ,K}, respectively. The hierarchi-
cal model is expressed as p(x, y|w) = p(x|y, w)p(y|w),
where w is the parameter. A Gaussian mixture model has
the form

p(x|w) =
K∑

k=1

akN (x|bk),

where w = {ak, bk} and N (x|b) is the Gaussian distri-
bution with the parameter b. The mixing ratio ak sat-
isfies that ak ≥ 0 and

∑K
k=1 ak = 1. We can easily

confirm that p(x, y|w) = ayN (x|by), p(y|x) = ay , and
p(x|y, w) = N (x|by).

Assume that there is the true distribution q(x, y) =
q(x|y)q(y) generating i.i.d. data

{Xn, Y n} = (x1, y1), . . . , (xn, yn),

where xi is the observable part of data and yi is the corre-
sponding hidden part. The task in the unsupervised learn-
ing is to estimate Y n = {y1, . . . , yn} on the basis of
Xn = {x1, . . . , xn}. The result of the LV estimation is
expressed as the distribution p(Y n|Xn).

The ML and the Bayes methods are representative in
the OV estimation. The target distribution of the OV esti-
mation is p(x|Xn), where x represents unseen/future ob-



servable data. The maximum likelihood estimator is de-
fined by

ŵ =argmax
w

n∏
i=1

p(xi|w).

The ML method is given by

p(x|Xn) =p(x|ŵ).

In the Bayes method, the posterior distribution is written
as

p(w|Xn) =
1

Z(Xn)

n∏
i=1

p(xi|w)φ(w),

where φ(w) is a prior distribution and Z(Xn) is the nor-
malization factor. The predictive distribution is then de-
fined by

p(x|Xn) =

∫
p(x|w)p(w|Xn)dw.

The ML method uses the optimal value of the parameter
while the Bayes method does the distribution of the pa-
rameter for expectation.

Now, we introduce these two methods of the LV esti-
mation. The ML method is given by

p(Y n|Xn) =

n∏
i=1

p(xi, yi|ŵ)
p(xi|ŵ)

,

and the Bayes method is defined by

p(Y n|Xn) =

∫ ∏n
i=1 p(xi, yi|w)φ(w)dw∫ ∏n
i=1 p(xi|w)φ(w)dw

,

which has the equivalent definition,

p(Y n|Xn) =

∫ n∏
i=1

p(xi, yi|w)
p(xi|w)

p(w|Xn)dw.

We can find that the ML method is plug-in and the Bayes
method is the expectation.

Let us evaluate the estimation result. In the OV esti-
mation, the error function to measure the accuracy is the
generalization error. The KL divergence is often used for
the error function,

G(n) =E

[ ∫
q(x) ln

q(x)

p(x|Xn)
dx

]
,

where the expectation means that

E[f(Xn)] =

∫
f(Xn)q(Xn)dXn.

The asymptotic form of the error has been studied well.
Specifically, in the Bayes method, the relation to algebraic
geometry has been found [3], and the form is calculated
in many types of the hierarchical models [4, 5, 6, 7, 8, 9,

10, 11]. In the similar way, the error function of the LV
estimation is defined by

D(n) =
1

n
E

[∑
Y n

q(Y n|Xn) ln
q(Y n|Xn)

p(Y n|Xn)

]
.

In the Bayes method, the error function has a connection
to the marginal likelihood, of which the asymptotic form
[12] is the essential factor of the analysis. See [2] for the
asymptotic forms of the ML and Bayes methods and a
comparison of the accuracy.

3. DISCUSSION

This section considers the normalized maximum likeli-
hood approach [13] for the LV estimation. The distribu-
tion of latent variables are formally written as

p(Y n|Xn) =
p(Xn, Y n)

p(Xn)
.

The normalized likelihood distributions are given by

pNML(X
n, Y n) =

maxw∈Wc p(X
n, Y n|w)∫ ∑

Y n maxw∈Wc p(X
n, Y n|w)dXn

,

pNML(X
n) =

maxw∈Wc p(X
n|w)∫

maxw∈Wc p(X
n|w)dXn

,

where Wc is the compact set and the conditions
i)-v) in [13] are satisfied. However, the ratio
pNML(X

n, Y n)/pNML(X
n) cannot be the estimation of

the normalized ML method because

pNML(X
n) ̸=

∑
Y n

pNML(X
n, Y n),

i.e. the ratio is not the probability of Y n. For the proper
definition, there are two possible ways; the estimator with
respect to Xn defines

p(Y n|Xn) =
maxw∈Wc p(X

n, Y n|w(Xn))∑
Y n maxw∈Wc

p(Xn, Y n|w(Xn))
,

and the estimator with respect to Xn and Y n does

p(Y n|Xn) =
maxw∈Wc p(X

n, Y n|w(Xn, Y n))∑
Y n maxw∈Wc p(X

n, Y n|w(Xn, Y n))
.

The former definition is the same as the one of the ML
method. Thus, let the latter one be the normalized ML
(NML) method. Using the maximum likelihood of the
joint probability

ŵXY = argmax
w

n∏
i=1

p(xi, yi|w),

we give the equivalent expression of the NML method as

p(Y n|Xn) =
p(Xn, Y n|ŵXY )∑
Y n p(Xn, Y n|ŵXY )

.



Let us analyze the asymptotic form of the error func-
tion. Based on the definition, the error function is rewrit-
ten as

nD(n) =E

[
ln

q(Xn, Y n)

q(Xn)

]
− E

[
ln

p(Xn, Y n|ŵXY )∑
Y n p(Xn, Y n|ŵXY )

]
,

where the expectation means that

E[f(Xn, Y n)]=

∫ ∑
Y n

f(Xn, Y n)q(Y n|Xn)q(Xn)dXn.

Define the following distribution

p
(y)
NML(X

n) =

∑
Y n p(Xn, Y n|ŵXY )∫ ∑

Y n p(Xn, Y n|ŵXY )dXn
.

Then, it holds that

nD(n) =E

[
ln

q(Xn, Y n)

q(Xn)

]
− E[ln pNML(X

n, Y n)] + E[ln pNML(X
n)]

+ E

[
ln

p
(y)
NML(X

n)

pNML(Xn)

]
.

For simplicity, we assume that there is w∗ ∈ Wc such that
p(x, y|w∗) = q(x, y). Based on the asymptotic form of
the normalized maximum likelihood distribution [13], we
easily obtain the following bounds;
if E[− ln pNML(X

n)] ≤ E[− ln p
(y)
NML(X

n)],

D(n) ≤ ln(cXY /cX)

n
+ o(1),

otherwise,

D(n) >
ln(cXY /cX)

n
+ o(1),

where

cXY =

∫
Wc

√
det IXY (w)dw,

cX =

∫
Wc

√
det IX(w)dw,

{IXY (w)}ij =Exy

[
∂ ln p(x, y|w)

∂wi

∂ ln p(x, y|w)
∂wj

]
,

{IX(w)}ij =Exy

[
∂ ln p(x|w)

∂wi

∂ ln p(x|w)
∂wj

]
.

The expectation means that

Exy[f(x, y)] =

∫ K∑
y=1

f(x, y)p(x, y|w)dx.

It is an important future study to derive the asymptotic
expression of E[− ln p

(y)
NML(X

n)] for the exact form of
D(n).
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